Using an appropriate scaling group for the 3-D Schrödinger-Poisson equation and the equivalence between the Schrödinger formalism and the Wigner representation of quantum mechanics it is proved that, when time goes to infinity, the limit of the rescaled self-consistent potential can be identified as the Coulomb potential. As a consequence, Schrödinger-Poisson and Wigner-Poisson systems are asymptotically simplified and their long-time behavior is explained through the solutions of the corresponding linear limit problems.
Introduction and Main Results
In this paper we analyze the long-time behavior of solutions to the Schrödinger equation in (x, t) ∈ R 3 × (0, ∞) associated with a single-particle system in a vacuum, coupled to the Poisson equation 5) for the determination of V (x, t), where n(x, t) = |ψ(x, t)| 2 is the expected particle density for a pure quantum state in the position space R 3 x at the time t, which is L 1 -preserved along the time evolution; V = V (x, t) is the self-consistent Hartree potential originated from the charge of the particle and ε = +1 or ε = −1 depending on the repulsive or attractive character of the Coulomb force, respectively. Note that the physical constants that are usually involved in the formulation of the Schrödinger equation: , the Planck constant; and m, q respectively denoting the mass and the charge of the particle, have been normalized to unity for the sake of simplicity.
Let us also note that V is a weak solution of the Poisson equation (1.4), which can be explicitly written as V (x, t) = ε 4π R 3 y |ψ(y, t)| 2 |x − y| dy .
As a consequence, the potential has a definite sign that depends on the value assumed by ε. The Schrödinger-Poisson system governs the temporal evolution of the pure quantum-mechanical state wave function ψ(x, t), which describes the state of the particle in the position space under the action of the electrostatic potential V at every instant t > 0. We recall that the first and second terms on the right-hand side of Eq. (1.1) are related to the kinetic and the potential energy of the system, respectively.
The aim of this paper consists of determining some qualitative aspects concerning the long-time behavior of the solutions to the 3-D Schrödinger-Poisson system (1.1)-(1.5), by means of the limit equations satisfied by the asymptotic-in-time wave function, density and potential. Then, the problem under study in this paper is interesting especially in the context of quantum-based devices and semiconductor modeling. In this framework, P. A. Markowich proved 19 that a system of countably many Schrödinger-Poisson equations (mixed state case) is equivalent to the Wigner equation This equivalence result motivated an exhaustive study of the existence and uniqueness problems for the Wigner-Poisson system. In this direction, H. Steinrück proved the existence of a solution to the one-dimensional Wigner-Poisson problem by expanding it into a series of solutions to the Schrödinger equation. 24 For the twodimensional case, A. Arnold and F. Nier proved the global existence of a unique classical solution of the Wigner-Poisson equation by a reformulation as a system of countably many Schrödinger equations coupled to a Poisson equation. They also imposed a charge neutrality condition in order to obtain the boundedness of the electrostatic potential.
2 Finally, F. Brezzi and P. A. Markowich proved the existence of a unique, global classical solution on the six-dimensional phase space R 3 x × R 3 ξ . However, they deal only with the case of a repulsive Coulomb force.
5 R. Illner, P. F. Zweifel and H. Lange 13 extended these results to both repulsive and attractive potentials. In fact, for initial data ϕ ∈ H 2 (R 3 ) they proved the existence of a unique global strong solution (ψ, V ) to the Schrödinger-Poisson problem verifying
and
A. Arnold 1 extended the existence and uniqueness result of Illner, Zweifel and Lange 13 for the Wigner-Poisson and von Neumann-Poisson systems to the case of initial data in H 1 through a generalization of the Lieb-Thirring inequality, obtaining the same regularity for the density and the potential.
In a recent paper, 7 F. Castella deals with L 2 -solutions of the Schrödinger-Poisson system. He proves existence, uniqueness and decay properties of the solutions as well as some smoothing effects associated with the Schrödinger operator. In particular, he proves that there exists a unique solution ψ to the Schrödinger-
where 3 < p = 2σ/σ − 1 < 6 and 2/q = 3/p − 3/2 with σ ∈ ]3/2, 3[, and where p , q hold for the conjugate indices of p, q, respectively. Castella also proves the estimates
for every |t| ≥ 1 (with µ = 0 when p = 6), which shows the decay properties of the potential as t → ∞, where C is a positive constant depending on p, ϕ L 2 and xϕ L 2 ; and 11) for every |t| ≤ T , where C is a positive constant depending on p, ϕ L 2 , xϕ L 2 and T . Also, he demonstrates the following time decay bounds for the wave function ψ(x, t): 12) for all |t| ≥ 1, 2 ≤ p ≤ 6, and 13) for every |t| ≤ T . As we shall show below, we give complementary qualitative results to the well-known decay estimates for the wave function ψ, solution to the Schrödinger-Poisson problem, 5, 7, 8, 13 which provide for a more complete description of the time asymptotics for the Hartree equation (Schrödinger equation for a pure state).
In the same scope of our results but using different techniques based on scattering theory, we mention the recent work of N. Hayashi, P. I. Naumkin and T. Ozawa. 12 In this paper, an asymptotic description of the solutions is given in terms of the free Schrödinger evolution group as well as of the scattering states evaluated on the dilated variable x/t. Reference 23 is also related with rescaling techniques and the long-time behavior of quantum particles. In Ref. 23 , H. Spohn shows that the wave packet associated with a particle in a periodic potential is asymptotically well-approximated by the semiclassical equations of motion. Finally, R. T. Glassey 11 showed (for the repulsive case) that the particle density cannot be localized for large times inside a ball of any arbitrary radius, since it asymptotically vanishes provided that the solution has finite energy.
For our purpose, we shall use a nonlinear technique based on a transformation of the problem via an appropriate rescaling (related to self-similar solutions) of the Hartree equation. Then, we shall deduce suitable a priori estimates for the rescaled solutions and pass to the limit in the new scale parameter after a reformulation of the problem in terms of the usual Wigner representation. In our context it seems not adequate to pass to the limit directly in the rescaled Schrödinger equation, since the limit of the initial densities with respect to the scale parameter is a Dirac mass and, as a consequence, we cannot expect to back up in the rescaled variables in order to recover information on the original (non rescaled) quantities. Therefore, we must find an evolution equation for the density which allows for the passage to the limit. This is carried out by introducing a rescaled Wigner equation through the Wigner transform formulation (1.8), and then passing to the limit in this new equation. The last step consists of recovering the self-consistent coupling for the To this aim, we first need to set our problem in the context of mild solutions
of the Schrödinger-Poisson system, regularity which may be reached, for instance, starting from initial data
We also assume that the normalization condition
. Then, our main results for the Schrödinger-Poisson and Wigner-Poisson systems are the following: Theorem 1.1. Let ϕ denote the initial data associated with the Schrödinger-Poisson system (1.1)-(1.5) such that the normalization property (1.16) and hypothesis (1.14) or (1.15) are fulfilled. Then, the long-time behavior of the rescaled self-consistent potential tV (tx, t) is described by the fundamental solution of the Poisson equation 17) where δ 0 denotes the Dirac mass centered at x = 0. As a consequence, V ∞ is the usual Coulomb potential K(x) = ε/4π|x|. In addition, there exists a real function α(t), satisfying that α(t) → ∞ as t → ∞, such that the following estimate is verified :
with 1 ≤ p < 3 and C a positive constant depending on the initial data ϕ.
Concerning the derivation of the long-time limit equations for the wave functions and the Wigner functions, we also have the following result: Theorem 1.2. Let ϕ be the initial condition for the 3-D Schrödinger-Poisson equation (1.1)-(1.5) such that the normalization property (1.16) is fulfilled and the initial regularity (1.14) or (1.15) holds. Let also the pair (ψ, V ) be a mild L 2 -solution to (1.1)-(1.5). Then, there exists a real function β(t), satisfying that β(t) → ∞ as t → ∞, such that the wave function ψ(x, t) satisfies
) and every t ≥ 1, where C is a positive constant depending on the initial data ϕ and ψ ∞ (x) ∈ L 2 (R 3 ) solves the following linear equation
in the sense of distributions.
On the other hand, there also exists a real function σ(t), satisfying that σ(t) → ∞ as t → ∞, such that the long-time behavior of the Wigner function W (x, ξ, t) associated with the wave function ψ(x, t), defined by (1.8), is described by
where C is a positive constant depending on the initial data ϕ and W ∞ (x, ξ) solves the linear equation
We remark that the translation of the result for the Schrödinger-Poisson problem into the Wigner-Poisson framework will be performed with the aid of the well-known equivalence between the Schrödinger and the Wigner formulations of quantum mechanics. 19 For a global long-time description of the solutions to both Schrödinger-Poisson and Wigner-Poisson systems we refer to López and Soler, 18 where a non-standard Wigner approach including Fourier transformations in time is developed to derive the asymptotic nonlinear equations and macroscopic properties associated with the model.
In the sequel we shall denote the Fourier transform and the inverse Fourier transform of f by respectively
The rest of the paper is devoted to proving the theorems presented above and deriving some consequences and extensions, and will be organized as follows. In Sec. 2 we study the property of scale invariance of the Schrödinger-Poisson equation under an appropriate rescaling group related to self-similar solutions. In Sec. 3 we derive the equation for the rescaled density via the Wigner transform approach and pass to the limit in the scale parameter. Then, after identifying the limit density distribution, it is a simple matter to obtain the associated asymptotic potential. In Sec. 4 we investigate the long-time behavior of solutions to the Schrödinger-Poisson system. In Sec. 5 we extend the previous results to a system of countably many 
Rescaling
One of the main ingredients in our study of the large times behavior of the solutions to the Schrödinger-Poisson problem is the property of scale invariance for the state function ψ(x, t) in the configuration space. In that respect, we shall define a sequence of problems which allow us to understand the behavior at infinity of the solution to (1.1)-(1.5). For any λ ≥ 1, x ∈ R 3 and t ≥ 0 we set
From this scaling group it can be easily checked that 20) and hence the
) norm is preserved for the rescaled solutions. Also, if K(x) = ε/4π|x|, we define
The main properties of the rescaled solutions (ψ λ , V λ ) connected with the action of the scaling group introduced in (2.19) and (2.21) are collected in the following result: Lemma 2.1. For any t > 0, λ ≥ 1 and 1 ≤ p ≤ ∞, the following equalities are verified :
In particular, the L ∞,2 norm is preserved with respect to the scaling group.
) norm is preserved with respect to the scaling group, where M 3 denotes the Marcinkiewicz space of order three.
Proof. The first result is an immediate consequence of the change of variables λx → x. For the second assertion we use the definition of V λ in (2.21) to obtain
Substituting (2.19) into this formula and making the change of variables λy → y gives the first part of (ii). For the proof of the second part we observe that, for every measurable set Ω in
where we have used that Since (ψ, V ) is a weak solution of Eq. (1.1), it verifies (1.1) in the sense of distributions, i.e. the following equality is satisfied:
We next derive the equation satisfied by ψ λ and V λ .
Lemma 2.2. For each λ ≥ 1 fixed, the pair (ψ λ , V λ ) given by (2.19) and (2.21) is a weak solution of the problem
Proof. We have to prove the following equality:
To do that, we define Φ(x, t) =Φ(λ −1 x, λ −1 t) and use it as a test function in (2.22) . Equation (2.24) follows after making the change of variables t = λt and x = λx.
The natural way to proceed once we have derived the rescaled equation (2.23) consists in passing to the limit in the scale parameter λ and trying to simplify asymptotically the kinetic energy effect on the rescaled system, i.e. −(1/2)λ∆ x ψ λ . We remark that letting λ → ∞ is equivalent, in a certain sense, to let t → ∞ (after the identifications t = 1 and λ = t). Nevertheless, it is a simple matter to check that the sequence n λ (x, 0) = |ϕ λ (x)| 2 tends weakly as measures towards a Dirac delta distribution centered at x = 0 (denoted by δ 0 (x)) as λ → ∞, and we also expect that the long-time behavior of the density n λ (x, t) is described by a Dirac measure again. On the other hand, some other estimates different from the one in Lemma 2.1(iii) can be derived for |ψ λ | 2 , for instance in L p,q spaces, 17 but they are all unable to recognize a Dirac mass at the limit. In particular, Strichartz inequalities give wave function solutions ψ ∈ L p loc ([0, ∞); L q (RTo end this section we remark that our scaling limit might be interpreted under some different physical situations. If we retain some of the physical quantities appearing in the usual formulation of the Schrödinger equation (the Planck constant and the mass of the particle) instead of normalizing them, we have that
Then, we are first called to understand the limit under study as a large-mass (or heavy-particle) limit, such that the particle tends to rest ( = 1). In fact, we are dealing with a sort of "classical dynamic limit". Moreover, if we consider to be of the same order of magnitude of λ −1 in (2.23) and normalize the particle mass (m = 1), this limit could be understood as a semiclassical limit for the rescaled wave function ψ λ in (2.23) with a dilated potential, namely i λ
The Limit Density and Potential
This section is devoted to the derivation of a quantum evolution equation for the rescaled particle density n λ (x, t), in which we can pass to the limit and identify an expression for the large times density n ∞ . This will be the key step later in obtaining some more accurate information about the asymptotic potential referred to as V ∞ . More precisely, V ∞ will be finally identified as the Coulomb potential in a L p (Ω) norm, with 1 ≤ p < 3, by passing to the limit in the rescaled Poisson equation
Therefore, at first we will be concerned with the derivation of the evolution equation for the rescaled phase-space density n λ starting from the rescaled equation (2.23) for ψ λ , and we shall then investigate the limiting behavior of the solutions to that equation as λ tends to infinity. For this purpose we shall consider, as usual in this context, 16, 22 the density matrix formulation associated with the rescaled problem, which will lead us to state the new rescaled equation by means of the corresponding Wigner transform. Concretely, we shall apply the standard Wigner transform approach to the rescaled Schrödinger initial value problem up to a change in the ξ-scale, and see that an equivalent formulation of the quantum equation is derived.
We recall that
. Define, for the rescaled scalar wave function ψ λ , its associated Wigner transform
This choice of W λ is inspired from the usual scaling for Wigner functions on a semiclassical level of description, by introducing an appropriate scale transformation which assumes that the self-similarity parameter λ is of the same order of magnitude of −1 , and then modifying the ξ-scale (ξ → ξ) in order to set our problem in a heavy-particle context. We refer the reader to Refs. 10, 16, 20 and 21 for a detailed explanation of this sort of limits. Notice that the norm
is an invariant of the scaling group defined by (3.27), since
for every time t ≥ 0 and λ ≥ 1 fixed. Also, as usual the rescaled density can be expressed as the mean value of W λ with respect to the momentum variable ξ, i.e. 
where
and * ξ denotes the convolution with respect to the ξ-variable.
As usual in the Wigner context of quantum mechanics, the convolution H λ * ξ W λ can be equivalently rewritten in terms of the pseudo-differential operator
which is well-defined in a distributional sense as follows from the estimates derived in the proof of the next result. This formulation of the rescaled problem (2.23) in terms of the Wigner transformed wave function ψ λ will lead us to find a meaningful expression for the asymptotic particle density n ∞ through the passage to the limit in Eq. (3.30). For that, we first prove the following result: Lemma 3.2. For every 0 < t ≤ T, the rescaled pseudo-differential operator Θ[V λ ]W λ tends to zero in a distributional sense as λ tends to infinity.
Proof. The nonlinear term Θ[V λ ]W λ , defined by (3.32), can be equivalently written as
Then, we have to bound
by a negative power of λ, for every test function Φ ∈ C
Now taking the norm in L p with respect to x with p ≥ 2 and the norm in L ∞ for the potential together with the time decay bound (1.11), we find
where we have used the change of variables z = λx − y/2 with respect to y. We analyze this bound in the interior and exterior of a ball B R in R with radius R. We first obtain
where we have used the Hölder inequality and the decay-in-time properties (1.13).
On the other hand, to estimate
we use the Minkowski inequality, to find
where we have used again the estimates near t = 0 given in (1.13). Finally, since |ψ(x, λt)| 2 is uniformly bounded in L 1 (R 3 ), we can deduce that: given δ > 0, there exists R(δ) such that for R > R(δ)and t > 0 fixed
Also, inside the ball B R we have that, for this R(δ), there exists λ(δ) such that for λ > λ(δ) we have
Therefore, taking into account (3.35) and (3.36) in the estimates (3.33) and (3.34), respectively, we obtain
for 0 < t ≤ T . Now we are done with the proof. Proof. It is clear that this limit exists weakly as measures (maybe after the extraction of a subsequence of n λ ) because of the boundedness of the sequence n λ in L 1 (R 3 x ) independently of λ. The basic idea to obtain the above stated convergence lies in passing to the limit λ → ∞ in the Wigner transformed rescaled problem (3.30), with initial condition given by
We recall that this problem is meaningful in the sense of distributions, in such manner that we are really called to pass to the limit under the following weak formulation:
. Now we use that, for a sufficiently regular function Φ, its rescaled linear transport with respect to the x-direction, given by ∂Φ/∂τ + 1/λ(ξ · ∇ x )Φ, is equivalent to the convective time derivative
Soler evaluated in spatial points transported along the characteristics x + ξτ λ . Then, we introduce especial family of test functions in (3.37) given by the choice of the following sequence with separated variables
where B(0, 1) and β ≡ 0 on the complementary set of B(0, 2) , and where
Here, B(0, R) stands for the ball in R 3 centered at 0 with radius R. Let γ denote the Heaviside function defined by
Then, if we insert the expression (3.38) and the sequence (3.39) as a test function into (3.37), we obtain the relation
Applying now the Fubini theorem and making the change of variables x+ξτ/λ → x we have
We firstly deal with the limit in the first term of Eq. (3.40). For that, we first notice that dγ R /dτ converges weakly as measures towards δ τ =t − δ τ =0 as R → ∞ in duality with W λ (x, ξ, ·), which is continuous with respect to τ in [0, t]. Also, β(ξ/R) converges to 1 for all ξ as R goes to infinity. Then, after letting R go to infinity, integrating over τ and ξ and using formula (3.29) for the particle density, we obtain the expression
Then, using that n λ (x, 0) = λ 3 n(λx, 0) we have
so that, when λ tends to infinity, (3.41) becomes
, where we have considered that n(·, t) L 1 (R 3 ) = 1 for every t ≥ 0. Throughout these computations we have taken into account the fact that W λ is continuous with respect to time on the support [0, t], in order to give sense to the integral
Now, since β is assumed to be supported on a compact set inside B(0, 2), we observe that the condition |ξ| < 2R must be fulfilled. Then, the second term in the left-hand side of (3.40) is bounded by
which goes to zero if R is chosen to be of the same order of magnitude as λ −c with c > −2/5. Also, according to the estimates given in the proof of Lemma 3.2 we easily deduce that the nonlinear term is bounded by
with δ arbitrarily small and t > 0 fixed, for p ≥ 2. Notice that the time integral appearing at (3.44) is meaningful since the test function γ R has compact support in (0, t). Finally, taking into account the contributions of (3.43) and (3.44), if we set λ = λ(R) appropriately we observe that the second and third terms in the lefthand side of (3.40) vanish as R tends to infinity (or, equivalently, as λ → ∞, δ → 0). Then, by (3.42) we finally obtain the conclusion of the proposition:
. Now the proof is complete. It is significant that we cannot obtain any information on the solutions of the original (non rescaled) Schrödinger-Poisson system directly from the limit of the rescaled density, because it is not possible to back up in the scale parameter when dealing with a Dirac mass. However, the limit of the rescaled density allows to identify the limit of the rescaled potential. For that, once we have recognized the asymptotic density as a Dirac distribution, we return to the Poisson equation (3.26) to immediately deduce the elliptic coupling for the limit problem, as stated in Theorem 1.1.
Proof of Theorem 1.1. Equation (1.17) is obtained after passing to the limit λ → ∞ in the linear rescaled Poisson equation (3.26) . For the right-hand side we have just proved that n λ tends weakly as measures to a Dirac delta centered at x = 0, therefore strongly in W −1,s (Ω) with 1 ≤ s < 3/2 (see Lemma 2.1(iii)). Hence, the convergence for the left-hand side is strong in W 1,s (Ω) for the same range of s, which yields compactness in L p (Ω) for 1 ≤ p < 3. Of course, V ∞ is a weak solution of (1.17) which can be written as
where the convolution kernel K is the 3-D Coulomb potential. The proof concludes by letting t = 1 and λ = t.
Weak Compactness for the Wave Functions and Passage to the Limit
The preservation of the L 2 norm of the sequence of rescaled wave functions ψ λ (·, t) is essentially used in this section to deduce weak compactness of {ψ λ } λ . Actually, since
the Banach-Alaoglu theorem allows to assure that, for every fixed time t, the sequence ψ λ (·, t) is compact in the weak topology of L 2 (R 3 ). Furthermore, it is also possible to prove that {ψ λ } λ is weakly equicontinuous with respect to time, as we shall show in the following result. . Then, the set of functions defined by
Proof. Let us fix R > 0 and denote by B R = B(0, R), such that supp(Φ) ⊂ B R . Multiplying the rescaled equation (2.23) by Φ and integrating with respect to position and time we have
Now, since Φ ∈ C 2 0 (R 3 ) the Hölder inequality yields
where C is a positive constant which does not depend on λ and where we have used the equality (2.20) and the fact that
Then, the set is equicontinuous.
As a consequence, we can get from any sequence {λ n } → ∞ a subsequence, still denoted with the same index for simplicity, such that
. In the sequel we will omit the subscript n when referring to these subsequences.
Let us also recall that we cannot still obtain any information on the long-time behavior of the wave function ψ from the fact that the long-time rescaled density behaves as a Dirac measure. To overcome this difficulty we rewrite the convergence properties obtained for the sequences ψ λ and V λ in the following way. Fixing t = 1 and letting λ = t we obtain that, for every compact set Ω ⊂ R 3 and when t → ∞,
Now we have avoided to deal with a Dirac mass once we have fixed the time at t = 1 in ψ λ and V λ . On the contrary, the initial condition is lost. Then, the subsequences V (x, t) = tV (tx, t) andψ(x, t) = t 3/2 ψ(tx, t) are easily shown to satisfy the following equation in weak form:
In order to derive the equation satisfied by ψ ∞ , we equate terms of the same order in t in Eq. (4.47) and then pass to the limit as time goes to infinity to firstly obtain that ∂ t ψ ∞ = 0 in the zeroth order approximation (which is already known from the construction of the limit). Also, we have that
is a solution of the equation
in an approximation of order t −1 . This equation has infinitely many solutions which can be obtained from a perturbation of the singular radial solution Cr −3/2 e −iε/4πr , with r = |x| and C independent of r, although it could depend on x when we look for a possible solution of the Schrödinger-Poisson problem verifying (4.48). Thus, we have just proved the following result: Theorem 4.1. Assume that (1.14) or (1.15) is fulfilled. Then, the long-time behavior of the scalar wave function ψ is determined by the function
, which is an order t −1 solution of Eq. (4.48) in the sense of distributions. In addition, there exists a real function β(t), satisfying that β(t) → ∞ as t → ∞, such that the following estimate is verified for t large enough:
, where C is a positive constant depending on the initial data ϕ.
Behavior for a System
Our single particle result can be easily extended to the case of a superposition of quantum pure states (mixed state). For that, we consider now a system of countably many Schrödinger equations Observe that n λ (·, t) L 1 (R 3 ) = 1. Using now the same arguments as for the rescaling of the Hartree equation we have that, for every m ∈ N, |ϕ m λ (x, t)| 2 converges weakly as measures towards a Dirac mass δ 0 (x) as λ → ∞. Applying the usual Wigner transform approach to ψ m λ and the same ideas as in Sec. 3, we deduce that |ψ m λ (x, t)| 2 also tends to δ 0 (x) as λ → ∞. Then, using that m∈N γ m = 1 and the rescaled Poisson equation ∆ x V λ = −εn λ , we find that V ∞ = ε/4π|x| as before. It is also remarkable that the effect of the limit λ → ∞ with respect to the rescaled variables is revealed through the decoupling of the superposed states at the density level. Therefore, the long-time behavior of the mixed state solution of a system of countably many Schrödinger-Poisson equations (5.49) and (5.50), with initial data ϕ m satisfying (1.14) or (1.15), is described by the solutions of the linear system in an approximation of order t −1 .
Asymptotic Behavior of Solutions to the Wigner Poisson System
With the arguments developed in Secs. 3 and 4, we have also implicitly studied the asymptotic behavior of the solution to a single particle Wigner-Poisson equation. Actually, the weak convergence of W λ in C w ([0, T ]; L 2 (R 3 x × R 3 ξ )) is guaranteed, after the possible extraction of a subsequence, according to the conservation law derived for the L 2 norm
x ×R 3 ξ ) . Then, if we first fix t = 1 and identify λ = t in expressions (3.27) and (2.21) for respectively W λ and V λ , the functionsṼ (x, t) = tV (tx, t) andW(x, ξ, t) = W(tx, t −1 ξ, t) are easily deduced to satisfy the following equation in weak form:
whereW is connected withψ by the relatioñ W (x, ξ, t) = W (ψ)(x, ξ, t) = 1 (2π) 3 
